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Abstract. Disjunctive Logic ProgrammindDL P) is avery expressie formalism:it al-
lows for expressingevery propertyof finite structureghatis decidablen thecompleity
classzf (=NPNF). Despitethis high expressveness therearesomesimpleproperties,
oftenarisingin real-world applicationswhich cannotbeencaledin a simpleandnatu-
ral manner Especiallypropeatiesthatrequirethe useof arithmeticoperatorglike sum,
court, or min) on a setof elementssatisfyingsomeconditions,cannd be naturally ex-
pressedn classicDLP.

To overcone this deficieng, we extend DL P by aggregatefunctiors. In contrastto a
previous propcsal,we alsoconsidetthe caseof unstratifiedaggreates We formally de-
fine the semanticof the naw languaggcalled DL P4) by meansof a generalizatiorof
the Gelfond-Lifschitztransformationandillustratethe useof thenew constructonrel-
evant knowledge-basegroblemsWe analyzethe compuationalcomplexity of DL P4,
shaving thatthe additionof aggr@atesdoesnot bring a highercostin thatrespectAnd
we provide animplementatiorof DLP* in DLV- the state-of-the-arDL P system—
andreporton experimentsvhich confirmthe usefulnes®f the proposel extensionalso
for theefficiency of the compuation.

1 Intr oduction

Disjunctive Logic Progams(DL P) arelogic programswhere(normondonic) negationmay
occurin the bodes, anddisjunctionmay occurin the headsof rules. This languae is very
expressve in a precisemathenatical senseunderthe answersetsemantic§GL91] it allows
to expressevery property of finite structureghatis decidalte in the comgexity classX ¥ (=
NPNP). Therebre,uncerwidely believedassumptios, DL P is strictly more expressve than
normal (disjunction-fre€ logic progamming whoseexpressivenessis limited to properties
decidalte in NP, andit canexpressprodemswhich cannotbe translatedo satisfiability of
CNF formuas in polynomial time. Importantly, besidesenlaging the classof applicdions
which canbeencoadin thelangwage disjunction oftenallows for representingprodemsof
lower comgexity in a simplerandmorenatuial fashion(see[EFLP0Q).

* This work wassupportediy the EuropeanCommissionunderprojectsiST-2002-335D INFOMIX,
IST-2001-3249 ICONS, and FET-2001-37®@4 WASP A preliminary versionwas presentedat J-
CAI'03.



The problem. Despitethis high expressvenessthereare somesimple progerties, often
arisingin real-world applicaions,which cannotbe encaledin DL P in a simpleandnatural
manne. Among theseare progpertieswhich requirethe application of somearithmeticop-
erators(e.g, sum,times,count)on a setof elemets satisfyingsomeconditins. Suppae,
for instancethatyouwantto know if the sumof the salariesof the emplg/eesworking in a
teamexceels a given budget(seeTeamBuilding in Section3). To this end,you shouldfirst
orderthe employeesdefining a successorelation You shoud thendefinea sumpredcate,
in arecursve way, which computesthe sumof all salariesandcompae its resultwith the
given budget. This apprachhastwo dravbacks:(1) It is badfrom the KR persgctive, as
the encdaling is not natual at all; (2) it is inefficient, asthe (instantiationof the) program
is quadatic (in the cardirality of the input setof emplg/ees).Thus,thereis a clearneedto
enrichDL P with suitablecorstructsfor the naturalrepiesentatiorof suchpropertiesandto
provide meandor anefficient evaluation.

Contribution. We overcomethe above deficieny of DL P. Insteadof inverting new con-
structsfrom scratchwe exterd the languagewith a sortof aggregjatefunctiors, first studied
in the context of dedictive databaes,andimplementthemin DLV [EFLPQ] — the state-of-
the-artDisjunctive Logic Progranming system.The maincontibutionsof this pager arethe
following:

¢ We extendDisjunctive Logic Progammingby aggegatefunctionsandformally definethe
semanticof theresultinglanguage,namedDL PA.

¢ We addresknowledge representationissuesshaving theimpactof the new construts on
relevart prodems.

« We analyzethe computationalcompexity of DLP-. Impartantly, it turnsoutthatthe addi-
tion of aggreatesdoesnot increasethe computationalcomgexity, which remainsthe same
asfor reasoing on DL P progams.

¢ We provide animplemenationof DLP4 in the DLV systemderiving new algoithmsand
optimizatian techniquesfor efficient evaluation.

¢ We reporton expaimentation evaluating the impactof the proposedlanglageextensia

on efficiengy. The experimentsconfirmthat, besidegroviding relevart advantagsfrom the
knowledgerepresentatiorpoint of view, aggrgatefunctiors canbring significantcompua-

tional gairs.

e We compreDL PA with relatedwork.

A previousversionof DL PA [DFI*03] requiredaggegatego horor stratificationthatis,
predicdesdefinedby meansof aggrejatescoud not mutually depewl on oneanotter. Here,
we lift this restrictionandallow for arbitrarily recusive definitions. To thatendwe provide
anovel apprachto definingthe semanticoof DL P4 programswhich natually extendsthe
original definition of answersets We alsodescribesuitableenhawementgo theimplemen
tationin orderto dealwith unstratifiedaggrejates.

2 The DLPA Language

In this section,we provide a formal definition of the syntaxand semanticsof the DLP4A
languaye— anextersionof DL P by set-orientedor aggreyate)functions.We assumehatthe
readeiis familiar with standardL P; we referto atoms iterals, rules,andprogramsof DL P



asstandad atoms standard literals, standad rules, andstandard programs respectiely. For
further baclgrourd, see[GL91,EFLPOQ.

2.1 Syntax

A (DLP4) setis eitherasymbdic setor agroundset.A symbolicsetis apair { Vars : Conj },
where Vars is alist of variades and Conj is a conjurction of standarditerals.® A grourd
setis a setof pairsof the form (¢ : Conj), wheret is alist of constantsand Conj is a
ground (vaiiable free) conjunction of standarditerals. An aggregate functionis of the form
f(S), whereS is a set,and f is a functionnameamong#count, #min, #max, #sum,
#times. An aggregate atomis Lg <1 f(S) <2 Rg, wheref(S) is anaggegatefunction
<1, <2€ {=, <, <,>, >}, andLg and Ry (calledleft guard, andright guard, respectiely)
areterms.Oneof “Lg <" and“ <, Rg"” canbeomitted.An atomis eithera standardDL P
atomor anaggreateatom.A literal L is anatom A or anatom A precededy the default
negaion symbolnot if A is anaggrgateatom,L is anaggregateliteral.
A (DLPA) rule r is aconstrict

a1 V -V ap = by, - ,bg, not by, -, not byy.

wherea,, - - - , a,, arestandarcaitomspy, - - - , b, areatomsandn > 0,m > k > 0,m+n >
1. Thedisjunctiona; VvV --- V a, is the heal of » while the conjunctionby, . ..,not b,
is the body of r. We defineH (r) = {a1,...,a,} andB(r) = {by,...,not b,}. A rule
with anemptybody(i.e. ¥ = m = 0) is calleda fact,andwe usuallyomitthe” - ” sign.A
(DL PA) programis asetof DLPA rules.

Syntactic Restrictions and Notation.

For simplicity, andwithout lossof geneality, we assumehatthe body of eachrule con-
tains at mostone aggegateatom. A globd variabde of a rule r is a variableappearig in
somestandarcatomof r; alocal variabe of r is avarialle appeaing solelyin anaggegate
functionin r.

Safety A ruler is safeif thefollowing conditiors hold: (i) eachglobal varialde of » appears
in a positive standarditeral in the body of r; (ii) eachlocal variable of r thatappeas in a
symbdic set{ Vars : Conj} alsoappearsn apositive literal in Cony; (iii) eachguardof an
aggrgateatomof r is eithera constanor a global varialle. Finally, a progamis safeif all
of its rulesaresafe.

Examplel. Considetthefollowing rules:

p(X) - q(X,Y,V),Y < #max{Z : r(Z),not a(Z,V)}.

p(X) = ¢(X,Y,V),Y < #sun{Z : not a(Z, 5)}.

p(X)=- q(X,Y,V), T< #min{Z : 7(Z),not a(Z,V)}.
Thefirst rule is safe,while the secondis not, sinceboth local vaiiablesZ and S violate
condtion (ii). Thethird rule is not safeeither sincetheguad T is notaglobalvariable. g

Stratification. Thisis a concet originally introducedfor the useof negaion in logic pro-
gramning. In our contet, it ensureghattwo predcatesdefinedby meansof aggrayatesdo

® Intuitively, a symbolicset{ X:a(X, Y),not p(Y)} standsor the setof X -valuesmakingthe con-
junctiona(X,Y),not p(Y) true,i.e., {X:3Y s.t. a(X,Y) Anot p(Y') is true}.



notmutwally degendon oneanotter. Our original definitionandimplementationof DLP 4 in
[DFIT03] imposeshis syntacticrestriction,which we now lift in the presenipager, thoud
we still differentiatestratifiedprogamsasthey allow for a moreefficient computationof the
instantiatiorof aggregateatoms.

A DLP4A programP is aggregate-statified if thereexists a function || ||, calledlevel
mappirg, from the setof (standad) predicate®f P to ordinals,suchthatfor eachpaira and
b of (standaryipredicaesof P, andfor eachrule r € P thefollowing hold: (i) If a appgearsin
theheadof r, andb appeas in anaggreateatomin thebodyof r, then| ||| < ||a||; and(ii) if
a appeasin theheadof r, andb occursin astandardatomin thebody of r, then| ||| < ||a]|.

Example2. Considerthe progam corsistingof a setof factsfor predcatesa andb, plusthe
following two rules:

q(X) - p(X), #fcount{Y : a(Y, X),b(X)} < 2.

p(X) = ¢(X),b(X).
Theprogamis aggegatestratified asthelevelmappirg ||a|| = ||b]| =1 |[|p|| = |lg|| = 2
satisfiesthe required conditinns. If we addthe rule 5(X) - p(X), thenno level-mappirg
existsandthe programbecanesaggegate-unstratified. -

Intuitively, aggreate-stratificatioriorbids recusionthroughaggegates Stratifiedagge-
gatesarecompuationallysomevhat easierasthey canbe evaluatedstepby step,asthetruth
value of an aggegateatomcannotchang afterit hasbeenfixed once.On the otherhand
usingunstratifiedaggegates,one canenco@ unstratifiednegation, and herce the situation
beconeslessclearin this case.

Consider for instance the (aggegateunstratified)progam consistingonly of the rule
r:p(a) - #count{X : p(X)} = 0. Neither{p(a)} norf is anintuitive meanimy for thepro-
gram,andneitherof thetwo is ananswesset.Indeed theruler correspondgo p(a) - not pp.
andpp - p(X). whichdoesnotadmitary answerset,either

2.2 Semantics

Givena DL P4 program®P, let Up denotethe setof constats apgearingin P, U’,Y C Up the
setof the naturd nurmbersoccuring in Up, and Bp the setof standarchtomsconstrietible

from the (standar}l predicateof P with constantsn Up. Furthemore,givena setX, 3%
dendesthe setof all multisetsover elementdrom X . Let usnow describethe domainsand
themeaning of theaggrejatefunctionswe consider:

#count; definedover?U”, thenumker of elementsn theset.
N
#sum; definedoverZUP, thesumof thenumkersin theset;0 in caseof theemptyset.

N
#times: over 2U”, the product of the numbes in the set; 1 for the empty set. #min,

#max: definedover "7 _ {0}, the minimum'maximumelemen in the set;if the set
containsalsostrings thelexicographicorderingis consideed.*

If the argumentof an aggreate function doesnot belongto its domain, the aggegate
evaluatego false(derotedas L) andourimplementationissuesawarning.

4 #min and#tmax over stringsarenot yet supportedn the currentimplementation.



A substitutionis a mappirg from a setof variadesto the setUp of the constantsn P.
A substitutionfrom the setof global varialles of a rule » (to Up) is a globd substitution
for r; a substitutionfrom the set of local variablesof a symbdic setS (to Up) is a local
substitutionfor S. Givena symbolicsetwithout global variades S = { Vars : Conj}, the
instantiation of S is thefollowing growund setof pairsinst(S): {{(y(Vars) : yv(Conj)) | v is
alocal substitutionfor S}.5
A groundinstanceof a rule r is obtaired in two steps:(1) a global substitutions for r is
appliedover r; and(2) every symbolicsetS in o(r) is replacedoy its instantiationinst(S).
TheinstantiationGround(P) of aprogram?® is the setof all possibleinstance®f therules
of P.

Example3. Considerthefollowing progam®i:

q(1) v p(2,2). q(2) vV p(2,1).
t(X) - ¢(X), #sum{Y: p(X,Y)} > 1.

TheinstantiationGround(P;) is thefollowing:
a(1) Vp(2,2). a(2) vp(2,1).
t(l) - Q(l): #Sum{(l : p(l, 1», (2 : p(l, 2»} > 1
t(2) = q(2), #sum{(1: p(2,1)),(2: p(2,2))} > 1.
|

Inter pretations and models. An interpretationfor aDLP# programP is asetof standad
ground atomsI C Bp. Thetruth valuation I(A), whereA is a standad groundliteral or a
standardground corjunction, is definedin the usualway. Besidesassigningtruth valuesto
standardyroundliterals, aninterpretationprovidesmeaningalsoto (ground sets,aggegate
functionsandaggegateliterals;themearing of aset,anaggegatefunction,andanaggegate
atomunderaninterpietation,is a multiset,a value,anda truth value,respectiely. Let f(S)
be a an aggegatefunction. The valuation(S) of the set.S w.r.t. I is the multisetof the
constantsappeaing in thefirst positionof the first componerts of the elementsn S whose
conjurctionsaretruew.r.t. I. More preciselylet S; = {{t1,...,tn) | {t1, -, tn : Cong) €
S A Conj is true w.r.t. I'}, thenI(S) is themultiset [¢1 | (t1,...,tn) € Sr ]. Thevaluation
I(f(S)) of anaggegatefunction f(S) w.r.t. I is theresultof the applicationof the function
fonI(S).If themultisetI(S) is notin thedomainof f, I(f(S)) = L.

An aggrgateatom A = Lg <1 f(S) <2 Rgistruewrt. I'if: (i) I(f(S)) # L, and,
(i) therelatiorshipsLg <1 I(f(S)) andI(f(S)) <2 Rg hold wherever they arepresent;
otherwise A is false.

A modelfor P is aninterpretationM for P suchthateveryruler € Ground(P) is true
w.r.t. M. A mocel M for P is (subsetminimalif no mode N for P existssuchthatNV is a
proper subsebf M.

Using the abore notion of truth valuation for aggr@ate atoms,the truth valuaions of
aggreateliteralsandrules,aswell asthenotionof model andminimal modelfor DLP# are
animmediateextensionof the correspadingnotiorsin DLP [GL91].

Example4. Considerthe aggegateatom A = #sum{(1:p(2,1)),(2:p(2,2))} > 1 from
Exampe 3.Let S bethegroundsetappearigin A. Fortheintergretationl = {¢(2), p(2,2),t(2)},

® Given a substitutions anda DLP* objectO (rule, conjunction,set, etc.), with a little atuse of
notation,we denoteby o (O) the objectobtainedby replacingeachvariableX in O by o(X).



I(S) = [2], theapplication of #sum over [2] yields2, and A is therebretruew.r.t. I, since
2 > 1. I isaminimal modelof theprogramof Exanple 3. -

Answer Sets. Firstwe definetheanswersetsof positive programswithoutaggrejates then
we give arediction of disjunctive datalogprogamscontainirg negationasfailureandagge-
gatesto positive programswithout aggegatesandusethatto defineanswersetsof arbitray
disjunctive datalogprogams(possiblycortainingnegationasfailureandaggreates).

An interpréation X C By is calledcloseduncer a positive disjunctive datalogprogram
without aggegatesP, if, for everyr € Ground(P), H(r) N X # § wheneer B(r) C X.
An interpreéation X C By is ananswersetfor apositive DL PA progamwithoutaggegates
P, if it is minimd (uncer setinclusior) amongall interpretationsthatareclosedunder P. ¢

Examples. Thepositive progem?P; = {a V bV ¢.} hastheanswersets{a}, {b}, and{c}.
Its extersionPy = {a VbV c., - a} hastheanswersets{b} and{c}. Finally, the positive
progamP; = {aVbVe., - a., b- c., c- b.} hasthesingleanswerset{b, c}. -

Thereductor Gelfond-Lifstitz transformof agroundprogam®P w.r.t.asetX C Bp is
thepositive ground program® X obtaine from P by

— deletingall rulesr € P for which a negaive literal in B(r) is falsew.r.t. X or an
aggreateliteral is falsew.r.t. X; and
— deletingthe aggegateliteralsandthe negative literals from the remainirg rules.

An answersetof aprogam?P isasetX C Bp suchthatX isananswesetof Ground(P)X.

Examples. Giventhefollowing progamwith negationandstratifiedaggegatesP 4 =
{d1)., aVb:- c.,
b not a,not ¢, #count{Y : d(Y)} > 0.,
aVc:-notb #sum{Y :d(Y)} > 1.}
andI = {b,d(1)}, thereductPf is {d(1)., a V b= c., b.}. It is easyto seethat] is an
answersetof P/, andfor this reasorit is alsoananswersetof P;.
Now corsiderJ = {a,d(1)}. Theredwct P} is {d(1)., a V b= c¢.} andit canbeeasily
verifiedthat.J is ananswersetof P, soit is alsoananswersetof P;.
For K = {c,d(1)}, onthe otherhand,theredwct PX is equa to P/, but K is notan
answersetof PX: for theruler : a V b ¢, B(r) C K holds,but H(r) N K # () doesnot.
Inded, it canbeverified thatI and.J arethe only answersetsof P . -

Exampler. Giventhefollowing progamwith unstrdified aggegates

Ps = {p(1) - #count{X : p(X)} < 2., p(2) V q(2).}
andI = {p(1),p(2)}, theredwct P{ is {p(2) v ¢(2).}. It is easyto seethat I is a model
but not a minimal model of P/ and thus not an answersetof P{ nor P5. Now consicer
J = {p(1),q(2)}. ThereductP? is {p(1)., p(2) V ¢(2).} andit canbe easilyverified that
J is ananswersetof P¢, soit is alsoan answersetof P;. If, on the otherhand,we take
K = {p(2)}, theredwt PX is equalto P, but K is nota modé of PX asfor the rule
r : p(1). We seethat B(r) C K trivially holds, but H(r) N K # @ obviously doesnot.
Inded, it canbeverified thatJ is theonly answersetsof Ps. -

% Note thatwe only considerconsistenanswersets while in [GL91] alsothe inconsistensetof all
possiblditeralscanbeavalid answerset.



3 KnowledgeRepresentationin DL P4

In this section,we shav how aggr@ate functions can be usedto encodeseveral relevant
prodems:TeamBuilding, SeatingandProdudts Contrd.

Team Building. A projed teamhasto be built from a setof emplg/eesaccordimg to the
following specificatios:

(p1) Theteamconsistof acertainnunberof emplo/ees.

(p2) At leasta givennumter of differert skills mustbepresentn theteam.

(p3) Thesumof thesalarieof theemplo/eesworking in theteammustnotexceed
thegivenbudggt.

(p4) Thesalaryof eachindividual employeeis within a specifiedimit.

(ps) Thenumberof womenworkingin theteamhasto reachatleastagivennum
ber

Supmse that our emploees are provided by a numter of facts of the form
emp(Empld, Sex, Skill, Salary); the size of the team,the minimum numbe of different
skills, the budget,the maximum salary andthe minimumnumber of womenarespecifiedoy
thefactsn Emp(N), nSkill(N), budget(B), mazxSal(M), andwomen(W). We thenen-
codeeachproperty p; abose by anaggrg@ateatomA ;, andenfaceit by anintegrity constraint
containng not A;.

n(I)V out(I) - emp(I, Sz, Sk, Sa).

= nEmp(N),not #count{Il : in(I)} = N.

- nSkill(M),not #count{Sk : emp(I, Sz, Sk, Sa),in(I)} > M.
- budget(B),not #sum{Sa, I : emp(I, Sz, Sk, Sa),in(I)} < B.

- mazSal(M),not #max{Sa : emp(I, Sz, Sk, Sa),in(I)} < M.

- women(W),not #count{I : emp(I, f, Sk, Sa),in(I)} > W.

Intuitively, thedisjundive rule “guessesivhetheranemployee is includedin theteamor
not, while thefive constraintsorrespad one-tooneto thefive requirenentsp 1 -ps. Tharks
to the aggrejatesthe translationof the specificatios is surprisindy straightfoward. The
exampge highlights the usefulnas of represeting both setsand multisetsin our languae;
the latter can be obtainedby specifying more thanonevarialle in Vars of a symbolicset
{Vars : Conj}). Forinstancetheencodirmy of p, requresaset aswe wantto court different
skills; two emgoyeesin the teamhaving the sameskill, shoud court oncew.r.t. p». Onthe
contray, p3 requresto sumtheelement®of amultiset if two emplo/eeshavethesamesalary
both salariesshouldbe summedup for ps. This is obtainedby addirg the variable!, which
uniquely identifiesevery employee to Vars. Thevaluationof {Sa, I : emp(I, Sz, Sk, Sa),in(I)}
yieldsthesetS = {(Sa, I) : Sa is the salary of employee I in the team}. Thesumfunc-
tion is thenappliedon the multisetof thefirst compneris Sa of thetuples{Sa, I) in S (see
Section2.2).

Seating We have to generate sitting arrargemen for a nunber of guestswith m tables
andn chairspertable.Guestswho like eachothershouldsit at the sametable; guestswho
dislike eachothershoud notsit atthe sametable.
Supmsethatthenumter of chairspertableis specifiedoy nChairs(X) andthatperson(P)
andtable(T) representhe guestsandthe availabletables respectiely. Then we cangerer



atea seatingarrangmentby thefollowing progam:

% GuesswvhethemersonP sitsattableT or not.

at(P,T) V not_at(P,T) - person(P),table(T).

% The persors sitting at atablecannd exceedthe chairs.

- table(T),nChairs(C), not #count{P : at(P,T)} < C.
% A personis seatedat preciselyonetable;this is equivalent
%to:- person(P),at(P,T),at(P,U), T <> U.

- person(P),not #count{T : at(P,T)} = 1.

% Peoplewho like eachothershouldsit atthe sametable...
- like(P1, P2),at(P1,T),not at(P2,T).

% ...while peoge who dislike eachothershoud not.

- dislike(P1, P2),at(P1,T),at(P2,T).

ProductsControl. Givenasetof desiredoraoducts,asetof conpaniesandafixedbudge, the
prodem consistof buyingfinancialsharesn this setof compmanieswithin the given budget,
suchthat the contrdled companiesprodtce all the desiredproducts.The specificationsare
thefollowing:

(p1) A prodwct A is producedby usif it is produicedby a compary uncer our
contrd.

(p2) A compmry C is uncer our directcontmol, if we boudht morethan50% of its
shares.

(p3s) A commry C is underour (indirect) contrd, if compaiesunder our contrd
(togetler) own more than50%of C.

(ps) Themajority of the shareof C canbereache by summingup the C shares
we boudht directlywith thesharesownedby thecompmniesunderourcontrd.

(ps) Eachdesiredoroduct hasto be prodiced.

(pe) Thebudget mustnotbeexceectd.

Supmsethat desiredproductsand companies are provided by a numbe of factsof the
form desired(P) and company(C), respectiely, and supposehat the budget is specified
by the fact budget(B). Furthemore, let the relatiors betweenprodicts P and producing
compaiesC begivenby factsproduced By(P, C') andthefactthat N% sharef compary
C arefor saleat price P by forSale(C, N, P). (For simplicity we assumehat only one
packa@ of a fixedamoun of shareds for salepercompary.) Finally if comparny C'; owns
N% shareof commry C», letafactshares(Ca, C1, N) bedefined

Given this information,we encodethe prodem specifiedby propertiesp; to pg in the
following way:

bought(C, N) V notBought(C, N) - company(C), forSale(C, N, Price).

produced(A) - producedBy(A, C),controlled(C).

controlled(C) - bought(C,N), N > 50.

controlled(C) - company(C), #sum{N, C1 : shares(C,C1, N), controlled(C1)} > 50.

controlled(C) - bought(C,N), N < 50,

#sum{N, C1 : shares(C,C1, N),controlled(C1)} > K,50 = K + N.
- desired(P),not produced(P).
- budget(B), #sum{Price, C : forSale(C, N, Price),bought(C,N)} > B.

Intuitively, thedisjunctive rule “guessesiwhethe& a given numbe of shareof acompary
C hasbeenbought or not. The othe rulesdefinewhena productis producedby us andthe



differentcondtionsto contrd acompany. Thelasttwo constraintgorrespndto requirenents
ps andpg. Notethatin all aggegatesin this programthe sumsarecomputedover multisets,
asdifferentcommniesmayholdequalpercemagesf shareanddifferentsharedor salemay
costequally much

4 Computational Complexity of DL P4

As for the classicalnonmanotoric formdisms [MT91], two important decisionprodems,
correspndingto two differentreasonin tasks arisein DLPA:

Brave Reasoning:Givena DLP# progamP andagroundliteral L, is L truein some
answersetof P?

Cautious Reasoning:Givena DL P4 progam?P andagrownd literal L, is L truein all
answersetsof P?

Thefollowing theorens repat onthecompleity of theabove reasonig tasksfor propo-
sitional (i.e., variablefree) DLP# progamsthat respectthe safetyrestrictionsimposedin
Section2. Importantly, it turns out that reasonig in DLP+ does not bring an increaein
compuationalcomgexity, which remainsexadly the sameasfor standardLP.

Lemma 1. Decidingwhetheran interpretation M is ananswersetfor a grourd program?
isin co-NP.

Proof. We checkin NP that M is not an answersetof P asfollows. Guessa subsetl of
M, andverify that: (1) M is not a modelfor P, or (2) I ¢ M andI is a mocel of the
GelfondLifschitz transfam of P w.r.t. M.

Theonly differencew.r.t. the correspadingtasksof (1) and(2) in standardLP, is the
compuationof thetruth valuations of the aggreateatoms whichin turn requre to compute
the valuatiors of aggegatefunctiors and sets.Computirg the valuationof a ground setT
requiresscannilg eachelement(ty, ..., t, : Conj) of T andaddingt; to theresultmultiset
if Conj is truew.r.t. I. This is evidently polynomial, asis the applicationof the aggegate
operaors (#count, #min, #max, #sum, #times) on a multiset; the comparisonof the
guards with its result,finally, is straightfoward.

Therefore, thetasks(1) and(2) aretractableasin standardL P. Decidirg whetherM is
notananswersetfor P thusis in NP; consequetly, decidirg whetherM is ananswersetfor
P isin co-NP. O

Basedonthislemma,we canidentify the computationalcompexity of themaindecision
prodems,brave andcautiousreasonig.

Theorem 1. BraveReasoing ongrourd DL P4 programsis X4 -compete

Proof. We veiify thata ground literal L is a brave conseqanceof a DLP+ programP as
follows: GuessasetM C Byp of grownd literals, checkthat (1) M is ananswersetfor P,
and(2) L is truew.r.t. M. Task(2) is clearly polynomial; while (1) is in co-NPby virtue of
Lemmal. Theproblem therebreliesin 1.

YP-hardressfollowsfromthe X ¥ -harchessof DL P [EGM97], sinceDL P4 is asuperset
of DLP. m|



Thecompleity of cautiousreasonig follows by similar agumentsasabove.
Theorem 2. Cautiows Reasaing ongrourd DL P4 programsis IT4 -compete

Proof. We verify thata ground literal L is not a cautiows conseqenceof a DLP4 program
‘P asfollows: GuessaasetM C Bp of groundliterals,checkthat(1) M is ananswersetfor
P, and(2) L is nottruew.r.t. M. Task(2) is clearly polynamial; while (1) is in co-NP, by
virtue of Lemmal. Therebre,the complenentof cautiousreasonings in X £’, andcautious
reasonigisin 175 .

ITF-hadnessagan follows from [EG95], sinceDL P+ is a supersebf DLP. O

5 Implementation Issues

Theimplemenationof DL P4 requiredchangsto all moculesof DLV. Apart from aprelim-
inary standardizton phasemostof the effort concetratedon the Instantiation and Model
Generatomodules.

Standardization. After parsingeachaggrejate A is transfomedsuchthatbothguadsare
presentandboth <; and <, aresetto <. The conjurction Conj of the symbdic setof A
is replacedoy a single,new atom Auz andarule Aux - Conj is addedo the progam (the
amgumentsof Aux beingthedistinctvariadesof Cony).

Instantiation. Thegod of theinstantiatoiis to gererateagroundprogramthathasprecisely
thesameansweisetsasthetheoeticalinstantiationGround(P), butis sensiblysmaller The
instantiationproceed bottonmtup following the depenlenciesinduced by the rules,and,in
particular respectinghe orderingimpaosedby aggrejate-stratificationwhereapgicable.

For aggegatestratified compmnentsof the input progam we proceed as follows. Let
“H - B,aggr.” bearule r, where H is the headof the rule, B is the conjunction of the
standardody literalsin r, andaggr is anaggegateliteral over asymbdic set{ Vars:Auz}.
First we compue an instantiationB for the literals in B; this also binds the global vari-
ablesappeang in Auxz. The (partially bound) atom Auz is then matchedagairst its ex-
tension(which is alreadyavailable for aggegatestratified rules since the bottam-up in-
stantiationrespectghe stratification),all matchingfactsare compued, and a set of pairs
{{61(Vars) : 6,(Auz)),...0.( Vars) : 0,,(Auz))} is generatedwhered; is a substitution
for thelocal variablesin Auzx suchthaté;(Auz) is anadmissiblenstanceof Auz. (Recall
that DLV'’s instantiatorprodicesonly thoseinstanceof a predicatewhich canpoterially
becone true [FLMP99,LPS0], wherea ground atom A can poternially becometrue only
if we have generatd a ground instanceof a rule with A in the head) Also, we only store
thoseelementsf the symbdic setwhosetruth valuecanna be deternined yet andprocess
the othersdynanmically, (pattially) evaluatingthe aggrejatealreadyduring instantiation For
instanceif Auz is definedby adisjunctionfreestratifiedsubprgram(wherethetruthvalues
of all atomsarealreadydeterninedduring grounding), theaggrejateis conpletelyevaluaed
during theinstantiationjts truth valuationis determine, andit is removedfrom the body of
theruleinstanceThesameprocesss thenrepededfor all furtherinstantiatios of theliterals
in B.




ExampleB. Considettheruler: p(X) = ¢(X),1 < #count{Y : a(X,Y),not b(Y)}. The
standarikationrewritesr to:

p(X) - q(X),2 < #count{Y : auz(X,Y)} < co.
auz(X,Y) - a(X,Y),not b(Y).

Suppose¢hattheinstantiatiorof therule for auz generate3 potentiallytruefactsauz(1, a),
auz(1,b), andauz(2,c). If the potentiallytrue factsfor ¢ areq(1) andgq(2), the following
grownd instancesregeneratd:

p(1) - q(1),2<#count{{a:auz(1,a)), (b:aux(l,d))} <co.
p(2) - q(2),2 < #count{{c: auzr(2,c))} < oo.

Notethata ground setcontairs only thoseauz atomswhich arepotentiallytrue. -

For arule r with unstratifiedaggreates,we proceedsimilarly to the stratifiedcase but
do notinstantiatethe symhlic set{ Vars:Auz} yet, aswe arenot guaanteedhatthe entire
extensionof Auz is alreaq available (since Auz is recusive with the head.its extensim
is beinggeneratedluring the evaluationof the commnentat hand,andnew factsfor Auz
could still be produced. Thus,asin the stratifiedcasewe compue an instantiationB for
the literals in B, but we do not instantiatethe symbdic setin r. We only “prepae” the
growndinstanceof r, storinga “containg” for thesetappearingin theaggreatefunctionin a
tempoary memoy location Then oncetheinstantiationof the currentcompmnenthasbeen
compleedandwe aresurethatno further instancefor Auz will begenerategwe resumethe
instantiationprocesdor r, compte all factsmatchirg Auz, andcomgete the gererationof
theset.

Duplicate SetsRecogniion. To optimizethe evaluation during instantiationrandespecially
afterwards, we have desigred a hashimg techniqe which recogrizesmultiple occurencesof
the samesetin the progam, evenin different rules,and storesthemonly once This saves
memoy (setsmaybeverylarge), andalsoimpliesasignificantperfamancegain,especially
in the modéd geneationwheresetsarefrequently manipdatedduringthe backtrackng pro-
cess.

Example9. Considerthefollowing two constraits:

cr: - 10 < #max{V : d(V, X)}.
c2: - #min{Y :d(Y,Z)} <5.

Ourtechnigqierecogiizesthatthe two setsareequa, andgeneatesonly oneinstancewhich
is sharedy ¢; andes.

Now assumehatbothcorstraintsadditiorally containastandarditeral p(T'). In thiscase,
¢ andey have n instancesach,wheren is the nunber of factsfor p(7T"). By meansof our
techniaie, eachpair of instance®f ¢; andcs sharesa comnon set,redwing the nunber of
instantiatedsetsby half. -

Note that alsothe progam for the exampge ProductsControlin Section3 containstwo
equal symbdic sets(appearing in the bodiesof the secondand the third rule with con-
trolled(C) in the head),which would geneate,oncethey areinstantiated several pairs of
identical (ground sets(one for eachcompary C). Tharks to our hashingbasedechniqe,
thegeneratia of thesedugicatesis preventedwith arelevart efficiency gain



Model Generation. We have desigred an extensionof the DeterministicConsequeces
operaor of the DLV system[FLP99 for DLP# progams.The nen operato makes both
forward andbackwardinferenceson aggregateatoms resultingin aneffective pruning of the
searctspaceWe have thenexterdedthe Dowling andGallier algorithm[DG84] to compte
afixpoint of thisoperato in lineartime usinga multi-linked datastructureof pointers Given
agroundsetT, say {(t1,...,t} : Auzl), ... (t7, ..., t™ : Auz™)}, this structureallows to
accesd' in O(1) wheneer someAuz? changeds truth value (supprting fastforwardprop
agation); ontheotherhand.it providesdirectaccessrom T to eachAuz * atom(suppating
fastbackward propagtion)

6 Experimentsand Benchmarks

To assessheusefulressof thepropsedDL P extersionandevaluateits implementation,we
compae thefollowing two methalsfor solvinga givenproblem:
DLV Encaletheprodemin DLP“ andsolveit by usingour extersionof DLV
with aggegates.
DLV Encaletheproddemin standardDL P andsolweit by usingstandad DLV.
To geneate DLP encodings from DLP# encodngs, suitablelogic defi-
nitions of the aggregatefunctions are employed (which are recusive for
#count, #sum, and#times).

We compare thesemethod on two benctmark problens: Time Tabling is a classical
plannirg prodem. In particularwe considetheprobdem of plamingthetimetableof lectures
which somegrous of studentshave to take. We consicer a number of real-world instances
University of Calabriawhereinstancek dealswith & groups.

Seatingis the problem descritedin Section3. We consider4 (for smallinstancespr 5
(for largerinstanceskeatsper table, with increasingnunbersof tablesand persongwith
numPersons = numSeats x num Tables). For eachprodem size(i.e., seats/tablesonfigu
ration), we conside classewith differentnumbersof like anddislike constraintswherethe
percemagesarerelative to the maximun numkbersof like anddislike corstraints,resp. such
thatthe prablemis not over-constraimed.’

In particular we considerthe following classes(-) no like/dislike constraintsat all; (-)
25%like constraintsy-) 25%like and 25% dislike constrais; (-) 50% like corstraints;(-
) 50% like and 50% dislike constraintsFor eachproblem size,we rancbmly geneated10
instancedor eachof theseclasses.

For Seatingwe usethe DL P4 encodng repotedin Section3; all encodimsandbench
markdataareavailableathttp://ww  w.dlvsystem .com/exampl es/ijcai03 .zip

We ranthe bencimarkson AMD Athlon 1.2 machireswith 512MB of memoy, using
FreeBSD4.7 and GCC 2.%. We allowed a maximun ruming time of 1800 secondsper
instanceanda maximum memoy usageof 256MB. Cumulatedresultsareprovidedin Fig-
urel. In particular for Timetablingwe repat the execution time andthe sizeof theresidual
growund instantiation(thetotal numker of atomsoccuring in theinstantiationywheremultiple
occurencesof the sameatomare courted) 2 For Seating the execttion time is the averag

" Beyondthesemaximathereis trivially no solution.
8 Notethatalsoatomsoccurringin the setsof the aggrejatesarecountedfor theinstantiationsize.



Numberof|| Exec.Time |InstantiationSize Numberof|| Exec.Time |InstantiationSize
Groups || DLV DLV#| DLV DLV#A Persons| DLV DLV#| DLV DLV#
1 10.95 0.55 91217 6972 8 0.010 0.010 320 101
2 36.79 2.05178%3 139% 12 0.034 0.01d@ 996 248
3 79.84 4.68§2648B8 2088 16 26.872 0.011 2272 490
4 14753 7.86367014 2902 25 - 0.024 6643 1346
5 22446 12.30436544 36043 50 - 0.301 50029 7559
6 32185 17.18518%0 42767 75 - 1.883 165442 2204
7 43794 25.366063%1 4998 100 - 7.082 387886 47946
8 61823 37.78761429 61916 125 - 64.293 752769 8878L
9 - 57.0 - 740 150 - 152.4%)|1294077 147567

Fig. 1. ExperimentaResultsfor TimetablingandSeating

runring time overtheinstance®f thesamesize.A “-” symbad in thetablesindicateshatthe
correspndinginstancgsomeof theinstance®f thatsize,for Seatingwasnot solvedwithin
theallowedtime andmemay limits.

Onbothproblens, DLV “ clearlyoutperforms DLV. On Timetaliing, the executiontime
of DLV is oneorderof magritude lower thanthatof DLV on all prablem instancesand
DLV couldnotsolve thelastinstancesvithin the allowed memoryandtime limits. On Seat-
ing, the differerce becomeseven more significari. DLV could solve only the instancesof
smallsize(upto 16 persois - 4 tables 4 seats)while DLV 4 coud solve significantlylarger
instancesn areasonhle time. Theinformation aboutthe instantiationsizesprovidesan ex-
planationfor sucha big differencebetweerthe executiontimesof DLV andDLV 4. Tharks
to theaggreyates the DL P* encodngs aremoresuccinctthanthe correspndingencodims
in standardDL P. This succinctnesis alsoreflectedin the groundinstantiationof the pro-
grams Sincetheevaluationalgorittmsarethenexponentialin the sizeof theinstantiation(in
theworstcase)theexecuion timesof DLV 4 turnoutto bemuchshortetthanthoseof DLV.

7 RelatedWorks

Aggregate fundions in logic programmirg languagesappeard alread in the 198G, when
their needemeped in dedictive datalasedike LDL [CGK 190 andwerestudiedin detail,
cf. [RS97KR98. However, the first implemenation in Answer Set Progranming, in the
Smodelssystemjs recenfSNS03.

Compaing DLPA to the languageof Smodelswe obsere a strongsimilarity between
cardindity constraintgshereand# count. Also #sum andtheweightconstraintof Smodels
aresimilar in spirit. Indeed the DLP# encodngs of both TeamBuilding and Seatingcan
be easilytranslatedo Smodelslanglage.However, therearesomerelevart differences.For
instancejn DL P4 aggrejateatomscanbe negated,while cardirality andweightconstraint
literalsin Smodelscanna.

Negaed aggegatesare useful for a more direct knowvledge represetation, and allow
to express for instancethat somevalue shouldbe externd to a given range.For exampe,
not 3 < #count{X : p(X)} < 7istrueif thenumter of truefactsfor p is in [0, 3[U]7, oo;
for expressinghe sameprgpertyin Smodelsoneneed to usetwo cardnality constraints.

Smockls, on the otherhand allows for weight constraiits in the headsof rules,while
DLPA aggegatescannad occurin heads(The presencef weight constrints in headss a



powerful KR featue, whichallows, for instanceto “guess”anarbitray subsebf agiven set;
however, it causeshelossof somesemantigroperty of normonotanic languags[MRO02].)

DLPA aggegatedike #min, #max, and#times do nothave acourterpartin Smodels.
Moreover, DL P4 providesa geneal framework wherefurther aggegatescanbe easilyac-
commalated(e.g, #any and#avg arealreadyunder developmert). Furthemore,notethat
symbdic setsof DLPA directly representpure (matrematical)sets,andcanalsorepesent
multisetsrathe natually (seethediscussioron TeamBuilding in Section3). Smodelaveight
constraims, on the otherhand work on multisets,andadditioral rulesareneededo encoe
puresets;for instance Conditionp, of TeamBuilding canna be directly encaledin a con-
straint,but needghe definitionof anextra predcate. Thanls to strictersafetycondtions (all
variablesareto berestrictecby domainpredicaes, like DLP+, Smodelds ableto dealwith
recursio throughaggegateseventhoud its instantiatoiis lesssophisticated.

Finally, notethatDL P# dealswith setsof termswhile Smodls dealswith setsof atoms.
As far asthe implenmentationis conerned,Smoctls, too, is endaved with advancedprun
ing operatos for weight constrants, which are efficiently implemeited. We are not aware,
thoudh, of techniqesfor the autonatic recoqnition of dugdicate setsin Smodels.

DLP4 alsoseemsto be very similar to a specialcaseof the semanticdor aggegates
discussedh [Gel0Z, whichwe arecurrertly investigating.

Anotherinterestingesearchine uses4-valuedlogicsandapprximatingoperates to de-
fine the semanticof aggegatefunctionsin logic-basedanguages DPB01,DMT02,Pel03.
Theseappr@achesarefoundedon very solid theoeticalgrounds,andappeawery promising
asthey could provide a cleanformdization of a very geneal framework for arbitray agge-
gatesin logic programmirg and normondonic reasonig, whereaggegateatomscanalso
“produce” new values(currerily, both DL P4 andSmodés requite the guard of aggegates
to bebowund to somevalue) Theseappoachesometims amour to a highercomputational
compl«ity [Pel0d andhave notbeenmplemenedsofar. However, onthecomman fragnent
we believe ourlangua@ andsemanticg$o bein syncwith thosedefinedin [Pel03.

8 Conclusion

We have proposedDL P4, an extensio of DLP by aggreatefunctions, and have imple-
mentedit in the DLV system.On the one hard, we have demamstratedthat the aggegate
functions increasethe knowledge modelirg power of DL P, suppoting a more natual and
conciseknowledge repiesentationOn the otherhand,we have shavn that aggreate func-
tions do not increasethe compexity of the main reasonig tasks.Moreover, experiments
have confimed that the succinctessof the encalings employing aggrgjateshasa strong
positiveimpacton the efficiency of the compuation.
Futurework will concen theintrodwction of further aggrejateoperdorslike #any (“Is

thereary matchingelemenin theset?")and#avg, aswell asthedesignof further optimiza-
tion techniqgiesandheuristicsto improve the efficiency of thecomputation.
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