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Abstract. DisjunctiveLogic Programming(DLP) is averyexpressiveformalism:it al-
lowsfor expressingeverypropertyof finite structuresthatis decidablein thecomplexity
class�	���

����������� . Despitethishighexpressiveness,therearesomesimpleproperties,
oftenarisingin real-world applications,which cannotbeencodedin a simpleandnatu-
ral manner. Especiallypropertiesthatrequiretheuseof arithmeticoperators(like sum,
count, or min) on a setof elementssatisfyingsomeconditions,cannot benaturallyex-
pressedin classicDLP.
To overcome this deficiency, we extendDLP by aggregatefunctions. In contrastto a
previousproposal,wealsoconsiderthecaseof unstratifiedaggregates.Weformally de-
fine thesemanticsof thenew language(calledDLP� ) by meansof a generalizationof
theGelfond-Lifschitztransformation,andillustratetheuseof thenew constructsonrel-
evant knowledge-basedproblems.Weanalyzethecomputationalcomplexity of DLP� ,
showing thattheadditionof aggregatesdoesnotbringahighercostin thatrespect.And
we provide an implementationof DLP� in DLV– the state-of-the-artDLP system–
andreporton experimentswhich confirmtheusefulnessof theproposed extensionalso
for theefficiency of thecomputation.

1 Intr oduction

DisjunctiveLogic Programs(DLP) arelogic programswhere(nonmonotonic)negationmay
occurin the bodies,anddisjunctionmayoccurin theheadsof rules.This language is very
expressive in a precisemathematicalsense:undertheanswersetsemantics[GL91] it allows
to expressevery propertyof finite structuresthat is decidable in thecomplexity class��������� �"!$#&%

. Therefore,underwidely believedassumptions,DLP is strictly moreexpressive than
normal (disjunction-free) logic programming, whoseexpressivenessis limited to properties
decidable in

�'�
, andit canexpressproblemswhich cannotbe translatedto satisfiabilityof

CNF formulas in polynomial time. Importantly, besidesenlarging the classof applications
whichcanbeencodedin thelanguage,disjunction oftenallows for representingproblemsof
lowercomplexity in a simplerandmorenatural fashion(see[EFLP00]).(
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The problem. Despitethis high expressiveness,therearesomesimpleproperties,often
arisingin real-world applications,which cannotbeencodedin DLP in a simpleandnatural
manner. Among thesearepropertieswhich requirethe application of somearithmeticop-
erators(e.g., sum,times,count)on a setof elements satisfyingsomeconditions. Suppose,
for instance,thatyou want to know if thesumof thesalariesof theemployeesworking in a
teamexceedsa given budget(seeTeamBuilding in Section3). To this end,you shouldfirst
ordertheemployeesdefining a successorrelation. You should thendefinea sumpredicate,
in a recursive way, which computesthesumof all salaries,andcompare its resultwith the
given budget. This approachhastwo drawbacks:(1) It is badfrom the KR perspective, as
the encoding is not natural at all; (2) it is inefficient, as the (instantiationof the) program
is quadratic (in thecardinality of the input setof employees).Thus,thereis a clearneedto
enrichDLP with suitableconstructsfor thenaturalrepresentationof suchpropertiesandto
providemeansfor anefficientevaluation.

Contrib ution. We overcometheabove deficiency of DLP. Insteadof inventing new con-
structsfrom scratch,we extend thelanguagewith a sortof aggregatefunctions, first studied
in thecontext of deductive databases,andimplementthemin DLV [EFLP00] – thestate-of-
the-artDisjunctiveLogic Programming system.Themaincontributionsof this paper arethe
following:
) We extendDisjunctiveLogic Programmingby aggregatefunctionsandformally definethe
semanticsof theresultinglanguage,namedDLP * .) We addressknowledgerepresentationissues,showing theimpactof thenew constructs on
relevant problems.) Weanalyzethecomputationalcomplexity of DLP * . Importantly, it turnsout thattheaddi-
tion of aggregatesdoesnot increasethecomputationalcomplexity, which remainsthesame
asfor reasoning on DLP programs.) We provide animplementationof DLP * in theDLV system,deriving new algorithmsand
optimization techniquesfor efficientevaluation.) We reporton experimentation, evaluating the impactof the proposedlanguageextension
on efficiency. Theexperimentsconfirmthat,besidesproviding relevant advantagesfrom the
knowledgerepresentationpoint of view, aggregatefunctions canbring significantcomputa-
tionalgains.) We compareDLP* with relatedwork.

A previousversionof DLP * [DFI + 03] requiredaggregatesto honor stratification,thatis,
predicatesdefinedby meansof aggregatescould not mutually depend on oneanother. Here,
we lift this restrictionandallow for arbitrarily recursive definitions.To thatendwe provide
a novel approachto definingthesemanticsof DLP * programswhich naturally extendsthe
original definitionof answersets.We alsodescribesuitableenhancementsto theimplemen-
tationin orderto dealwith unstratifiedaggregates.

2 The DLP, Language

In this section,we provide a formal definition of the syntaxand semanticsof the DLP *
language– anextensionof DLP by set-oriented(or aggregate)functions.Weassumethatthe
readeris familiarwith standardDLP; wereferto atoms,literals,rules,andprogramsof DLP



asstandardatoms,standard literals,standard rules, andstandard programs,respectively. For
further background, see[GL91,EFLP00].

2.1 Syntax

A (DLP* ) setis eitherasymbolic setor agroundset.A symbolicsetis apair -/.1032547698;:=<9>$? ,
where .10=254 is a list of variables and 8�:=<9> is a conjunction of standardliterals.3 A ground
set is a set of pairs of the form @ AB6C8;:=<9>�D , where A is a list of constantsand 8�:=<9> is a
ground (variable free)conjunctionof standardliterals.An aggregatefunctionis of the formE �GF % , where F is a set,and

E
is a functionnameamong HJILKLMONOP , H	QSRTN , H	QVUXW , HJYZMLQ ,

H[P$R\QV]^Y . An aggregateatomis _1`ba � E �GF % a �dc ` , where
E �GF % is anaggregatefunction,

a �Ze a �=f - � e"g�eCh�e9i�eTj ? , and _^` and c ` (calledleft guard, andright guard, respectively)
areterms.Oneof “ _^`ka � ” and“ a ��c ` ” canbeomitted.An atomis eithera standardDLP
atomor anaggregateatom.A literal l is anatom m or anatom m precededby thedefault
negation symbolnot; if m is anaggregateatom, l is anaggregateliteral.

A (DLP* ) rule n is a constructo �qpsr5r5rtp oLu :- v �xw5r5ryr5w vxz w${L|9} v5z5~ � w5r5rxr5w^{L|T} v5� �
where� �ZeT�9�T�9e �O� arestandardatoms,� �3e9�T�9�\e �x� areatoms,and� j�� , � j���j�� , ���q� j�
. Thedisjunction � �����T�9�[� ��� is thehead of n while theconjunction � �Ze9�T�9�\e N^KLP��x�

is the body of n . We define � � n % � -�� � e9�T�9�\e � � ? and � � n % � -Z� � eT�9�9�Te N^KXP�� � ? . A rule
with anemptybody(i.e. � � � � � ) is calleda fact,andwe usuallyomit the“ :- ” sign.A
(DLP* ) programis asetof DLP* rules.

SyntacticRestrictionsand Notation.
For simplicity, andwithout lossof generality, we assumethatthebody of eachrule con-

tainsat mostoneaggregateatom.A global variable of a rule n is a variableappearing in
somestandardatomof n ; a local variable of n is a variable appearing solely in anaggregate
function in n .
Safety. A rule n is safeif thefollowing conditionshold:(i) eachglobal variable of n appears
in a positive standardliteral in the bodyof n ; (ii) eachlocal variable of n that appears in a
symbolic set -/.103254B6/8;:3<T>^? alsoappearsin a positive literal in 8;:3<T> ; (iii) eachguardof an
aggregateatomof n is eithera constantor a global variable. Finally, a programis safeif all
of its rulesaresafe.

Example1. Considerthefollowing rules:� 
��J� :- � 
�� w��/w¡  � w��£¢¥¤§¦O¨9© �Tª�«T¬ 
 ª � w�{L|T} o 
 ª w¡  � �3�� 
��J� :- � 
�� w��/w¡  � w��£¢¥¤�­\®\¦ �Tª�« {L|T} o 
 ª w¡¯ � �3�� 
��J� :- � 
�� w��/w¡  � w±°d¢¥¤§¦O²\{ �Tª�«T¬ 
 ª � w�{L|9} o 
 ª w¡  � �3�
The first rule is safe,while the secondis not, sinceboth local variables ³ and F violate

condition (ii). Thethird rule is notsafeeither, sincetheguard ´ is notaglobalvariable.

Stratification. This is a concept originally introducedfor theuseof negation in logic pro-
gramming. In our context, it ensuresthat two predicatesdefinedby meansof aggregatesdo

3 Intuitively, a symbolicset
� � « o 
�� wµ� � w±{L|T} � 
 � � � standsfor thesetof � -valuesmakingthecon-

junction o 
�� w�� � w�{L|T} � 
 � � true,i.e.,
� � «G¶ �[· �¹¸º� o 
�� w�� �^» {L|T} � 
 � �&¼ · ¸�½¡¾O¿T� .



notmutually dependononeanother. Ouroriginaldefinitionandimplementationof DLP * in
[DFI + 03] imposesthis syntacticrestriction,which we now lift in thepresentpaper, though
westill differentiatestratifiedprogramsasthey allow for amoreefficientcomputationof the
instantiationof aggregateatoms.

A DLP* program À is aggregate-stratified if thereexists a function ÁÂÁ/ÁÂÁ , called level
mapping, from thesetof (standard) predicatesof À to ordinals,suchthatfor eachpair � and
� of (standard) predicatesof À , andfor eachrule n f À thefollowing hold:(i) If � appearsin
theheadof n , and � appears in anaggregateatomin thebodyof n , then ÁÂÁ �LÁÃÁ g ÁÃÁ �7ÁÃÁ ; and(ii) if
� appears in theheadof n , and � occursin astandardatomin thebody of n , then ÁÂÁ �LÁÃÁ h ÁÂÁ �7ÁÂÁ .
Example2. Considertheprogramconsistingof a setof factsfor predicates� and � , plusthe
following two rules:

� 
��J� :- � 
��J� w¡¤ÅÄ�|9®Z{3} � � « o 
 �Sw �J� w v 
��J� � Æ¥Ç=�� 
��È� :- � 
��J� w v 
��J� �
Theprogramis aggregate-stratified,asthelevelmapping ÁÂÁ �7ÁÂÁ � ÁÃÁ �=ÁÂÁ � � ÁÂÁ ÉtÁÃÁ � ÁÂÁ ÊËÁÂÁ �ÍÌ
satisfiesthe required conditions. If we add the rule � �ÏÎ % :- É �ÏÎ % , then no level-mapping
existsandtheprogrambecomesaggregate-unstratified.

Intuitively, aggregate-stratificationforbidsrecursionthroughaggregates.Stratifiedaggre-
gatesarecomputationallysomewhateasier, asthey canbeevaluatedstepby step,asthetruth
valueof an aggregateatomcannotchange after it hasbeenfixed once.On the otherhand,
usingunstratifiedaggregates,onecanencode unstratifiednegation, andhence the situation
becomeslessclearin this case.

Consider, for instance,the (aggregate-unstratified)program consistingonly of the rule
nq69É � � % :- HJILK=MON�PË- Î 6TÉ �ÏÎ % ? � � . Neither -ºÉ � � % ? nor Ð is anintuitivemeaning for thepro-
gram,andneitherof thetwo is ananswerset.Indeed,therule n correspondsto É � � % :- N^KXPCÉXÉ �
andÉLÉ :- É �
Î % � whichdoesnotadmitany answerset,either.

2.2 Semantics

Givena DLP* program À , let ÑCÒ denotethesetof constants appearingin À , ÑqÓÒÕÔ Ñ�Ò the
setof thenatural numbersoccurring in Ñ Ò , and � Ò thesetof standardatomsconstructible

from the (standard) predicatesof À with constantsin Ñ'Ò . Furthermore,givena set Î , ÌËÖ
denotesthesetof all multisetsover elementsfrom Î . Let usnow describethedomainsand
themeanings of theaggregatefunctionsweconsider:

Hq×LØ$ÙSÚVÛ : definedover Ì�ÜOÝ , thenumberof elementsin theset.

HqÞTÙ/ß : definedover Ì Ü1àÝ , thesumof thenumbersin theset;0 in caseof theemptyset.

H[ÛTáGß�âOÞ : over Ì Ü1àÝ , the product of the numbers in the set;1 for the emptyset. Hqß�á
Ú ,

Hqß�ã�ä : definedover Ì Ü Ý�å -ZÐ�? , the minimum/maximumelement in the set; if the set
containsalsostrings,thelexicographicorderingis considered.4

If the argumentof an aggregate function doesnot belongto its domain, the aggregate
evaluatesto false(denotedas æ ) andour implementationissuesawarning.

4 ¤§¦�²\{ and ¤§¦�¨T© over stringsarenot yet supportedin thecurrentimplementation.



A substitutionis a mapping from a setof variables to theset Ñ'Ò of theconstantsin À .
A substitutionfrom the setof global variables of a rule n (to ÑÅÒ ) is a global substitution
for r; a substitutionfrom the setof local variablesof a symbolic set F (to Ñ	Ò ) is a local
substitutionfor F . Givena symbolicsetwithout global variables Fç� -/.103254£6è8;:3<T>^? , the
instantiation of F is thefollowing ground setof pairs é���êTA ��F % : -O@�ë � .10=254 % 6Xë � 8;:3<9> % D	ÁTë is
a local substitutionfor F ? .5
A groundinstanceof a rule n is obtained in two steps:(1) a global substitutionì for n is
appliedover n ; and(2) everysymbolicset F in ì � n % is replacedby its instantiationé±��êTA �GF % .
TheinstantiationíÅn3îZï1�&ð � À % of a program À is thesetof all possibleinstancesof therules
of À .

Example3. Considerthefollowing program À � :
� 
±ñ\� p � 
 Ç w Ç � � � 
 Ç � p � 
 Ç w ñ\� �ò 
��È� :- � 
��J� w¡¤Å­\®9¦ � � « � 
�� w�� � � ó ñ �

TheinstantiationíÅn3îZï$�&ð � À � % is thefollowing:
� 
±ñ\� p � 
 Ç w Ç � � � 
 Ç � p � 
 Ç w ñ\� �ò 
±ñ\� :- � 
±ñ\� wº¤�­\®\¦ �=ô ñ « � 
±ñ w ñx��õ w ô Ç « � 
±ñ w Ç ��õ � ó ñ �ò 
 Ç � :- � 
 Ç � wº¤�­\®\¦ �=ô ñ « � 
 Ç w ñx��õ w ô Ç « � 
 Ç w Ç ��õ � ó ñ �

Inter pretations and models. An interpretationfor a DLP * program À is asetof standard
ground atomsö Ô �BÒ . The truth valuation ö � m % , where m is a standard ground literal or a
standardground conjunction, is definedin the usualway. Besidesassigningtruth valuesto
standardgroundliterals,aninterpretationprovidesmeaningalsoto (ground) sets,aggregate
functionsandaggregateliterals;themeaning of aset,anaggregatefunction,andanaggregate
atomunderaninterpretation,is a multiset,a value,anda truth value,respectively. Let

E ��F %
be a an aggregatefunction. The valuation ö �GF % of the set F w.r.t. ö is the multisetof the
constantsappearing in thefirst positionof thefirst components of theelementsin F whose
conjunctionsaretruew.r.t. ö . More precisely, let F�÷ø� -O@ÏA �ZeT�Ã�Â�Âe Aµ�^DùÁ/@ÏA �=e9�Â�Ã�Âe Aµ�[6Ë8;:3<9>�D fFûú 8�:=<9>Åüþý�ÿ�������� � � � ÿ � ö^? , then ö �GF % is themultiset

� A � Á^@ÏA �=e9�Â�Ã�Âe Aµ�ËD f F7÷
	 . Thevaluation
ö � E �GF %º% of anaggregatefunction

E �GF % w.r.t. ö is theresultof theapplicationof thefunctionE
on ö �GF % . If themultiset ö ��F % is not in thedomainof

E
, ö � E ��F %¡% � æ .

An aggregateatom m � _1`�a � E �GF % a � c ` is true w.r.t. ö if: (i) ö � E ��F %¡%��� æ , and,
(ii) the relationships _^`�a � ö � E ��F %¡% and ö � E �GF %¡% a � c ` hold whenever they arepresent;
otherwise,m is false.

A modelfor À is aninterpretation 
 for À suchthatevery rule n f íÅnZîZï$�&ð � À % is true
w.r.t. 
 . A model 
 for À is (subset)minimal if no model � for À existssuchthat � is a
proper subsetof 
 .

Using the above notion of truth valuation for aggregateatoms,the truth valuations of
aggregateliteralsandrules,aswell asthenotionof model andminimalmodelfor DLP * are
animmediateextensionof thecorrespondingnotions in DLP [GL91].

Example4. Considerthe aggregateatom m � HJYZMLQ7-O@ � 6ºÉ ��Ì e � % D e @ Ì 6¡É ��Ì e Ì % Dx? i �
from

Example3.Let F bethegroundsetappearing in m . For theinterpretationö � -�Ê ��Ì % e É ��Ì e Ì % e A �GÌ % ? ,
5 Given a substitution � and a DLP� object � (rule, conjunction,set,etc.), with a little abuseof

notation,we denoteby � 
 � � theobjectobtainedby replacingeachvariable� in � by � 
��J� .



ö ��F % � � Ì�	 , theapplication of HJYZM=Q over
� Ì�	 yields Ì , and m is thereforetruew.r.t. ö , sinceÌ i � . ö is a minimalmodelof theprogramof Example 3.

Answer Sets. First wedefinetheanswersetsof positiveprogramswithoutaggregates,then
wegiveareductionof disjunctivedatalogprogramscontaining negationasfailureandaggre-
gatesto positive programswithout aggregatesandusethatto defineanswersetsof arbitrary
disjunctivedatalogprograms(possiblycontainingnegationasfailureandaggregates).

An interpretation Î Ô ��Ò is calledclosedunder a positive disjunctive datalogprogram
without aggregatesÀ , if, for every n f íÅn3îZï$�&ð � À % , � � n %�� Î �� Ð whenever � � n % Ô Î .
An interpretation Î Ô �BÒ is ananswersetfor apositiveDLP* programwithoutaggregates
À , if it is minimal (under setinclusion) amongall interpretationsthatareclosedunder À . 6

Example5. Thepositive program À � � -Z� � � ���3� ? hastheanswersets -��1? , -3��? , and - � ? .
Its extension À � � -�� � � ���3�Te :- �1? hastheanswersets -Z��? and - � ? . Finally, thepositive
program À�� � -Z� � � ���=�9e :- � �9e � :- �3�Te�� :- � � ? hasthesingleanswerset -Z� e�� ? .

Thereductor Gelfond-Lifschitz transformof a groundprogram À w.r.t. a set Î Ô � Ò is
thepositivegroundprogram À Ö obtained from À by

– deletingall rules n f À for which a negative literal in � � n % is falsew.r.t. Î or an
aggregateliteral is falsew.r.t. Î ; and

– deletingtheaggregateliteralsandthenegative literalsfrom theremaining rules.

An answersetof aprogram À is aset Î Ô � Ò suchthat Î is ananswersetof íÅnZîZï$�&ð � À % Ö .

Example6. Giventhefollowing programwith negationandstratifiedaggregatesÀ�� ���� 
±ñx� � w o p v :- �T� w
v :- {L|T} o w�{L|T} � w¡¤�Ä�|\®Z{3} � � «�� 
 � � � ó! L� wo p � :- {L|T} v w¡¤�­\®\¦ � � «"� 
 � � � ó ñ � �

and ö � -Z� e ð � � % ? , the reduct À ÷� is -�ð � � % �Te � � � :- �3�Te � � ? . It is easyto seethat ö is an
answersetof À ÷� , andfor this reasonit is alsoananswersetof À � .

Now consider # � -�� e ð � � % ? . Thereduct À�$� is -�ð � � % �9e � � � :- �3� ? andit canbeeasily
verifiedthat # is ananswersetof À%$� , soit is alsoananswersetof À � .

For & � - �3e ð � � % ? , on the otherhand,the reduct À�'� is equal to À($� , but & is not an
answersetof À('� : for therule nø6�� � � :- � , � � n % Ô & holds,but � � n %�� & �� Ð doesnot.
Indeed, it canbeverified that ö and # aretheonly answersetsof À � .
Example7. Giventhefollowing programwith unstratified aggregates)+* � � � 
±ñx� :- ¤�Ä�|9®Z{Z} � � « � 
��È� � ¢ Ç3� w � 
 Ç � p � 
 Ç � � �
and ö � -yÉ � � % e É ��Ì % ? , the reduct À ÷, is -ºÉ �GÌ % � Ê �GÌ % � ? . It is easyto seethat ö is a model

but not a minimal modelof À ÷, and thusnot an answerset of À ÷, nor À , . Now consider
# � -ºÉ � � % e Ê ��Ì % ? . ThereductÀ-$, is -ºÉ � � % �9e É ��Ì % � Ê �GÌ % � ? andit canbeeasilyverifiedthat
# is an answersetof À.$, , so it is alsoan answersetof À , . If, on the otherhand,we take
& � -yÉ ��Ì % ? , the reduct À.', is equalto À.$, , but & is not a model of À%', as for the rule
n�6�É � � % � We seethat � � n % Ô & trivially holds, but � � n %/� & �� Ð obviously doesnot.
Indeed, it canbeverified that # is theonly answersetsof À , .

6 Note that we only considerconsistentanswersets, while in [GL91] alsothe inconsistentsetof all
possibleliteralscanbea valid answerset.



3 KnowledgeRepresentationin DLP,

In this section,we show how aggregate functions can be usedto encodeseveral relevant
problems:TeamBuilding, Seating,andProducts Control.

Team Buildin g. A project teamhasto be built from a setof employeesaccording to the
following specifications:

� É � % Theteamconsistsof acertainnumberof employees.� É � % At leastagivennumber of different skills mustbepresentin theteam.� É � % Thesumof thesalariesof theemployeesworking in theteammustnotexceed
thegivenbudget.� É0� % Thesalaryof eachindividualemployeeis within aspecifiedlimit.� É , % Thenumberof womenworkingin theteamhasto reachat leastagivennum-
ber.

Suppose that our employees are provided by a number of facts of the form1 �qÉ �32 �ùÉ1ö�ð e F 1"4 e F � é6535 e F �75
��n�8 % ; thesizeof the team,theminimumnumber of different
skills, thebudget,themaximum salary, andtheminimumnumberof womenarespecifiedby
the facts � 2 �qÉ � � % , � F � é6535 � � % , �xï$ð:9 1 A � � % , �£� 4 F �75 � 
 % , and ; îZ� 1 � �=< % . We thenen-
codeeachproperty É?> abovebyanaggregateatomm.> , andenforceit byanintegrity constraint
containing N^KXPÅm@> .

ACB 
EDL� pGFIH ò 
EDL� :- JLK � 
ED w�¯NM$wµ¯PO�wº¯ o � �
:-
B�Q K � 
CRÈ� w�{L|T}è¤ÅÄ�|9®Z{3} � D « ACB 
EDL� � �SR �

:-
B ¯PO A3TUT 
3V�� w�{L|T}è¤�Ä�|9®Z{Z} � ¯PO « JLK � 
ED w�¯NM$wµ¯WO�w¡¯ o � w ACB 
EDL� �YX V �

:- v H ��Z J ò 
C[	� w
{L|T}è¤�­\®9¦ � ¯ o w D « JLK � 
ED w±¯NM$w¡¯POËwº¯ o � w ACB 
EDL� � Æ [ �
:- K o MË¯ o T 
3V�� w�{L|9}è¤§¦O¨9© � ¯ o « JLK � 
ED w�¯PM1wµ¯POËwº¯ o � w ACB 
EDL� � Æ V �
:- \ F K(J B 
3]�� wG{L|T}§¤�Ä�|9®Z{Z} � D « JLK � 
ED w_^�w¡¯POËwµ¯ o � w ACB 
EDL� �YX ] �
Intuitively, thedisjunctive rule“guesses”whetheranemployee is includedin theteamor

not,while thefive constraintscorrespond one-to-oneto thefive requirementsÉ � -É , . Thanks
to the aggregatesthe translationof the specifications is surprisingly straightforward. The
example highlights the usefulness of representing both setsandmultisetsin our language;
the latter canbe obtainedby specifying more thanonevariable in .103254 of a symbolicset
-S.10=254	6�8�:=<9>1? ). For instance,theencoding of É � requiresaset, aswewantto count different
skills; two employeesin theteamhaving thesameskill, should count oncew.r.t. É � . On the
contrary, É � requirestosumtheelementsof amultiset; if twoemployeeshavethesamesalary,
bothsalariesshouldbesummedup for É � . This is obtainedby adding thevariable ö , which
uniquely identifiesevery employee, to .10=254 . Thevaluationof - F � e öd6 1 �qÉ � ö e F 4 e F �7e F � % e é±� � ö % ?
yieldstheset F � -O@ F � e ö�D§6 F �(`þ4�aCbdc	490feÃ032LgJ:_h�cjilkNeÃ:�g:cmc ö.`�<naCbdcoa6c50�i ? . Thesumfunc-
tion is thenappliedon themultisetof thefirst components F � of thetuples @ F � e öOD in F (see
Section2.2).

Seating. We have to generatea sitting arrangement for a numberof guests,with � tables
and � chairsper table.Guestswho like eachothershouldsit at thesametable;guestswho
dislikeeachothershould notsit at thesametable.

Supposethatthenumberof chairspertableisspecifiedby �qp@r^��é±n=ê �
Î % andthatÉ 1 n=ê�îZ� �3s %
and Aµ�O��5 1 � ´ % represent theguestsandtheavailabletables,respectively. Then, we cangener-



ateaseatingarrangementby thefollowing program:

% GuesswhetherpersonPsitsat tableT or not.o ò 
Ct wG° � p B F ò o ò 
Ct w±° � :- � J ¬�u F B 
Ct � w ò o v T J 
 ° � �
% Thepersonssitting at a tablecannot exceedthechairs.
:-
ò o v T J 
 ° � w B0vxw o A ¬�u 
 v � w�{L|T}§¤�Ä�|9®�{3} � t « o ò 
Ct w�° � �èÆ v �

% A personis seatedat preciselyonetable;this is equivalent
% to:- � J ¬�u F B 
Ct � w o ò 
Ct w�° � w o ò 
Ct wzy � w±°�¢ ó y �
:- � J ¬"u F B 
Ct � w�{L|9}è¤�Ä�|\®Z{3} � ° « o ò 
Ct w�° � � ��ñ �
% Peoplewho like eachothershouldsit at thesametable...
:-
T{A O J 
Ct	ñ w t Ç � w o ò 
Ct	ñ w±° � wG{L|T} o ò 
Ct Ç w�° � �

% ...while people who dislike eachothershould not.
:-
� A u T{A O J 
Ct	ñ w t Ç � w o ò 
Ct	ñ w±° � w o ò 
Ct Ç w±° � �

ProductsControl. Givenasetof desiredproducts,asetof companiesandafixedbudget, the
problemconsistsof buyingfinancialsharesin thissetof companies,within thegiven budget,
suchthat the controlled companiesproduce all the desiredproducts.The specificationsare
thefollowing:

� É � % A product A is producedby us if it is producedby a company under our
control.� É � % A company C is under our directcontrol, if we bought morethan50%of its
shares.� É � % A company C is underour (indirect)control, if companiesunder our control
(together)own more than50%of C.� É0� % Themajority of thesharesof C canbereached by summingup theC shares
webought directlywith thesharesownedby thecompaniesunderourcontrol.� É , % Eachdesiredproduct hasto beproduced.� É}| % Thebudget mustnotbeexceeded.

Supposethat desiredproductsandcompaniesareprovided by a number of factsof the
form ð 1 êTé±n 1 ð �3s % and � îZ�ùÉ1���P8 � p % , respectively, andsupposethat the budget is specified
by the fact �5ïVð:9 1 A � � % . Furthermore, let the relations betweenproducts s andproducing
companies p begivenby factsÉ1n3î3ðLï � 1 ðX�~8 �3s e p % andthefactthat � % sharesof company
p are for saleat price s by

E îZn F �75 1 � p e � e s % . (For simplicity we assumethat only one
package of a fixedamount of sharesis for salepercompany.) Finally if company p � owns
� % sharesof company p � , let a fact ê�r1�Xn 1 ê � p �=e p �3e � % bedefined.

Given this information,we encodethe problem specifiedby propertiesÉ � to É | in the
following way:

v FIH Z w ò 
 v w RÈ� p B F ò [ FjH Z w ò 
 v w RÈ� :- � F K �Oo Bd� 
 v � w_^�F ¬ ¯ o T J 
 v w R w t ¬ A ��J � �� ¬ F � H �mJ � 
C�§� :- � ¬ F � H �mJ � [ � 
C� w v � w � F B ò ¬ F TUT J � 
 v � �
� F B ò ¬ F TUT J � 
 v � :- v FIH Z w ò 
 v w RÈ� w R ó!�j L�
� F B ò ¬ F TUT J � 
 v � :- � F K �Oo Bd� 
 v � wµ¤�­\®9¦ � R w v ñ «�u w o ¬ J u 
 v w v ñ w RÈ� w � F B ò ¬ F TUT J � 
 v ñ\� �'ó!�I =�
� F B ò ¬ F TUT J � 
 v � :- v FIH Z w ò 
 v w RÈ� w R Æ!�j w¤�­\®\¦ � R w v ñ «�u w o ¬ J u 
 v w v ñ w RÈ� w � F B ò ¬ F TUT J � 
 v ñx� �	ó�� w �j � ��� R �

:-
� J u A ¬ J � 
Ct � wG{L|T} � ¬ F � H �mJ � 
Ct � �

:- v H ��Z J ò 
C['� wµ¤�­x®9¦ � t ¬ A �mJ w v « ^�F ¬ ¯ o T J 
 v w R w t ¬ A �mJ � w v FjH Z w ò 
 v w RÈ� � ó [ �
Intuitively, thedisjunctiverule“guesses”whether agiven number of sharesof acompany

C hasbeenbought or not. Theother rulesdefinewhena product is producedby usandthe



differentconditionstocontrol acompany. Thelasttwoconstraintscorrespondto requirements
É , andÉ | . Notethat in all aggregatesin this programthesumsarecomputedovermultisets,
asdifferentcompaniesmayholdequalpercentagesof sharesanddifferentsharesfor salemay
costequally much.

4 Computational Complexity of DLP,
As for the classicalnonmonotonic formalisms [MT91], two important decisionproblems,
correspondingto two differentreasoning tasks,arisein DLP * :

Brave Reasoning:Givena DLP* program À anda groundliteral l , is l truein some
answersetof À ?
Cautious Reasoning:Givena DLP* program À anda ground literal l , is l truein all
answersetsof À ?

Thefollowing theorems report on thecomplexity of theabovereasoning tasksfor propo-
sitional (i.e., variable-free) DLP * programsthat respectthe safetyrestrictionsimposedin
Section2. Importantly, it turnsout that reasoning in DLP * does not bring an increase in
computationalcomplexity, which remainsexactly thesameasfor standardDLP.

Lemma 1. Decidingwhetheran interpretation 
 is ananswersetfor a ground program À
is in co-NP.

Proof. We checkin NP that 
 is not an answersetof À as follows. Guessa subsetö of

 , andverify that: (1) 
 is not a model for À , or (2) ö���
 and ö is a model of the
Gelfond-Lifschitz transform of À w.r.t. 
 .

Theonly differencew.r.t. thecorrespondingtasksof (1) and(2) in standardDLP, is the
computationof thetruthvaluationsof theaggregateatoms,which in turn require to compute
the valuations of aggregatefunctions andsets.Computing the valuationof a ground set ´
requiresscanning eachelement@ÏA � e9�Â�Ã�Âe A � 6C8�:=<9>�D of ´ andadding A � to theresultmultiset
if 8;:3<T> is true w.r.t. ö . This is evidently polynomial, asis the applicationof the aggregate
operators ( HÈILKLMON�P , H	QSR�N , H	QVUXW , HJYZMLQ , H[P$R\QV]^Y ) on a multiset; the comparisonof the
guards with its result,finally, is straightforward.

Therefore,thetasks(1) and(2) aretractableasin standardDLP. Deciding whether
 is
notananswersetfor À thusis in NP;consequently, deciding whether
 is ananswersetfor
À is in co-NP. �

Basedonthis lemma,wecanidentify thecomputationalcomplexity of themaindecision
problems,brave andcautiousreasoning.

Theorem1. BraveReasoning onground DLP * programsis �d�� -complete.

Proof. We verify that a ground literal l is a brave consequenceof a DLP * program À as
follows: Guessa set 
 Ô �	Ò of ground literals,checkthat (1) 
 is ananswersetfor À ,
and(2) l is truew.r.t. 
 . Task(2) is clearlypolynomial; while (1) is in co-NPby virtue of
Lemma1. Theproblem thereforelies in � �� .

�ù�� -hardnessfollowsfromthe � �� -hardnessof DLP[EGM97], sinceDLP * is asuperset
of DLP. �



Thecomplexity of cautiousreasoning followsby similarargumentsasabove.

Theorem2. Cautious Reasoningonground DLP * programsis �k�� -complete.

Proof. We verify thata groundliteral l is not a cautious consequenceof a DLP * program
À asfollows: Guessa set 
 Ô � Ò of groundliterals,checkthat(1) 
 is ananswersetfor
À , and(2) l is not truew.r.t. 
 . Task(2) is clearlypolynomial; while (1) is in co-NP, by
virtueof Lemma1. Therefore,thecomplementof cautiousreasoningis in ���� , andcautious
reasoning is in �¥�� .

� �� -hardnessagain follows from [EG95], sinceDLP * is a supersetof DLP. �

5 Implementation Issues

Theimplementationof DLP* requiredchangesto all modulesof DLV. Apart fromaprelim-
inary standardization phase,mostof theeffort concentratedon the Instantiation andModel
Generator modules.

Standardization. After parsing,eachaggregate m is transformedsuchthatbothguardsare
presentandboth a � and a � areset to h . The conjunction 8;:=<9> of the symbolic setof m
is replacedby a single,new atom m ï 4 anda rule m ï 4 :- 8;:3<9> is addedto theprogram(the
argumentsof m ï 4 beingthedistinctvariablesof 8;:=<9> ).
Instantiation. Thegoal of theinstantiatoris to generateagroundprogramthathasprecisely
thesameanswersetsasthetheoreticalinstantiationíÅnZîZï$�&ð � À % , but is sensiblysmaller. The
instantiationproceeds bottom-up following the dependenciesinduced by the rules,and,in
particular, respectingtheorderingimposedby aggregate-stratificationwhereapplicable.

For aggregate-stratifiedcomponentsof the input program we proceedas follows. Let
“ � :- � e ��9�9�n � ” be a rule n , where � is the headof the rule, � is the conjunction of the
standardbody literalsin n , and �:9�9On is anaggregateliteral over a symbolic set -S.10=254\6 m ï 4 ? .
First we compute an instantiation� for the literals in � ; this also binds the global vari-
ablesappearing in m ï 4 . The (partially bound) atom m ï 4 is thenmatchedagainst its ex-
tension(which is alreadyavailable for aggregate-stratified rules since the bottom-up in-
stantiationrespectsthe stratification),all matchingfactsare computed, anda set of pairs
-�@3� � � .10=254 % 6�� � � m ï 4 % D e ...,@C� � � .103254 % 6�� � � m ï 4 % Dx? is generated, where ��> is a substitution
for the local variablesin m ï 4 suchthat ��> � m ï 4 % is anadmissibleinstanceof m ï 4 . (Recall
that DLV’s instantiatorproducesonly thoseinstancesof a predicatewhich canpotentially
become true [FLMP99,LPS01], wherea ground atom m canpotentially becometrue only
if we have generated a ground instanceof a rule with m in the head.) Also, we only store
thoseelementsof thesymbolic setwhosetruth valuecannot bedeterminedyet andprocess
theothersdynamically, (partially) evaluatingtheaggregatealreadyduring instantiation. For
instance,if m ï 4 is definedby adisjunction-freestratifiedsubprogram(wherethetruthvalues
of all atomsarealreadydeterminedduring grounding), theaggregateis completelyevaluated
during theinstantiation,its truthvaluationis determined, andit is removedfrom thebodyof
theruleinstance.Thesameprocessis thenrepeatedfor all furtherinstantiationsof theliterals
in � .



Example8. Considertherule n : É �ÏÎ % :- Ê �
Î % e � g HJILKLM�N�P^-"� 6�� �ÏÎ e � % e N^KXP�� � � % ? � The
standardizationrewrites n to:

� 
��È� :- � 
��J� w Ç'Æ ¤�ÄT|9®Z{3} � � « o H7M 
�� w�� � � Æ��b�o H7M 
�� w±� � :- o 
�� w±� � w±{L|T} v 
 � � �
Supposethattheinstantiationof therulefor �Xï 4 generates3 potentiallytruefacts��ï 4 � � e � % ,
��ï 4 � � e � % , and ��ï 4 �GÌ e�� % . If thepotentiallytrue factsfor Ê are Ê � � % and Ê ��Ì % , the following
ground instancesaregenerated:

� 
±ñx� :- � 
±ñx� w Ç7Æ ¤�Ä�|9®Z{Z} �=ô o « o H7M 
±ñ w o ��õ w ô v « o H7M 
±ñ w v ��õ �$Æ~�b�� 
 Ç � :- � 
 Ç � w Ç'Æ ¤�Ä�|9®Z{Z} �=ô � « o H�M 
 Ç w � ��õ � Æ!� �
Notethata groundsetcontains only those�Xï 4 atomswhicharepotentiallytrue.

For a rule n with unstratifiedaggregates,we proceedsimilarly to thestratifiedcase,but
do not instantiatethesymbolic set -/.103254\6 m ï 4 ? yet,aswe arenot guaranteedthattheentire
extensionof m ï 4 is already available(since m ï 4 is recursive with the head,its extension
is beinggeneratedduring the evaluationof the componentat hand,andnew factsfor m ï 4
could still be produced). Thus,as in the stratifiedcasewe compute an instantiation� for
the literals in � , but we do not instantiatethe symbolic set in n . We only “prepare” the
groundinstanceof n , storinga“container” for thesetappearingin theaggregatefunction in a
temporary memory location. Then, oncetheinstantiationof thecurrentcomponenthasbeen
completedandwearesurethatnofurther instancefor m ï 4 will begenerated, weresumethe
instantiationprocessfor n , compute all factsmatching m ï 4 , andcompletethegenerationof
theset.

Duplicate SetsRecognition. To optimizetheevaluation during instantiationandespecially
afterwards,we have designeda hashing technique which recognizesmultiple occurrencesof
the sameset in the program,even in different rules,andstoresthemonly once. This saves
memory (setsmaybevery large),andalsoimpliesasignificantperformancegain,especially
in themodel generationwheresetsarefrequentlymanipulatedduringthebacktracking pro-
cess.

Example9. Considerthefollowing two constraints:

� � « :- ñ  	Æ ¤�¦O¨T© �   «"� 
  �w �J� �3�
� � « :- ¤§¦O²\{ � � «�� 
 �/w ª � � Æ!�=�

Our techniquerecognizesthatthetwo setsareequal, andgeneratesonly oneinstancewhich
is sharedby � � and � � .

Now assumethatbothconstraintsadditionally containastandardliteral É � ´ % . In thiscase,� � and � � have � instanceseach,where � is thenumberof factsfor É � ´ % . By meansof our
technique,eachpair of instancesof � � and � � sharesa common set,reducing thenumberof
instantiatedsetsby half.

Note that alsotheprogram for theexample ProductsControl in Section3 containstwo
equalsymbolic sets(appearing in the bodiesof the secondand the third rule with con-
trolled(C) in the head),which would generate,oncethey are instantiated,several pairsof
identical(ground) sets(one for eachcompany p ). Thanks to our hashing-basedtechnique,
thegeneration of theseduplicatesis preventedwith a relevant efficiency gain.



Model Generation. We have designed an extensionof the DeterministicConsequences
operator of the DLV system[FLP99] for DLP * programs.The new operator makesboth
forward andbackwardinferencesonaggregateatoms,resultingin aneffectivepruningof the
searchspace.We have thenextendedtheDowling andGallier algorithm[DG84] to compute
afixpoint of thisoperator in lineartimeusingamulti-linkeddatastructureof pointers.Given
a groundset ´ , say, -O@ÏA �� e9�Â�Ã�Âe A �� 6�m ï 4 � D eT�Ã�Â�Ãe @ÏA � � e9�Â�Â�Ãe A �� 6&m ï 4 � D5? , this structureallows to
accesś in � � � % whenever somem ï 4 > changesits truthvalue(supportingfastforwardprop-
agation); on theotherhand,it providesdirectaccessfrom ´ to eachm ï 4 > atom(supporting
fastbackward propagation).

6 Experiments and Benchmarks

To assesstheusefulnessof theproposedDLP extensionandevaluateits implementation,we
compare thefollowing two methodsfor solvingagivenproblem:

DLV * Encodetheproblem in DLP * andsolve it by usingour extensionof DLV
with aggregates.

DLV Encodetheproblem in standardDLP andsolve it by usingstandard DLV.
To generate DLP encodings from DLP * encodings, suitablelogic defi-
nitions of the aggregatefunctionsareemployed (which are recursive for
HJILKLMONOP , HJY�MLQ , and H[PVR\QV]ËY ).

We compare thesemethods on two benchmark problems: Time Tabling is a classical
planning problem.In particular, weconsidertheproblemof planningthetimetableof lectures
which somegroupsof studentshave to take. We consider a numberof real-world instances
University of Calabriawhereinstance� dealswith � groups.

Seatingis theproblemdescribed in Section3. We consider4 (for small instances)or 5
(for larger instances)seatsper table,with increasingnumbersof tablesandpersons(with
<���i���c9254\:=<Ë4 � <0��i~�Pc50�aG4��Å<���i��^0���e�c\4 ). For eachproblem size(i.e.,seats/tablesconfigu-
ration), we consider classeswith differentnumbersof like anddislike constraints,wherethe
percentagesarerelative to themaximum numbersof like anddislike constraints,resp. such
thattheproblemis notover-constrained.7

In particular, we considerthe following classes:(-) no like/dislike constraintsat all; (-)
25% like constraints;(-) 25% like and25% dislike constraints; (-) 50% like constraints;(-
) 50% like and50% dislike constraints.For eachproblem size,we randomly generated10
instancesfor eachof theseclasses.

For Seatingwe usetheDLP* encoding reportedin Section3; all encodingsandbench-
markdataareavailableathttp://ww w.dlvsystem .com/exampl es/ijcai03 .zip .

We ran the benchmarkson AMD Athlon 1.2 machineswith 512MB of memory, using
FreeBSD4.7 and GCC 2.95. We allowed a maximum running time of 1800 secondsper
instanceanda maximum memory usageof 256MB. Cumulatedresultsareprovided in Fig-
ure1. In particular, for Timetablingwe report theexecution time andthesizeof theresidual
ground instantiation(thetotalnumberof atomsoccurring in theinstantiation,wheremultiple
occurrencesof thesameatomarecounted).8 For Seating,theexecution time is theaverage

7 Beyondthesemaximathereis trivially no solution.
8 Notethatalsoatomsoccurringin thesetsof theaggregatesarecountedfor theinstantiationsize.



Numberof Exec.Time InstantiationSize
Groups DLV DLV � DLV DLV �

1 10.95 0.55 91217 6972
2 36.79 2.05178533 13986
3 79.84 4.68264938 20888
4 147.53 7.86367014 29029
5 224.46 12.30436544 36043
6 321.85 17.18518950 42767
7 437.94 25.36606361 49993
8 618.23 37.78761429 61916
9 - 57.00 - 74027

Numberof Exec.Time InstantiationSize
Persons DLV DLV � DLV DLV �

8 0.010 0.010 320 101
12 0.034 0.010 996 248
16 26.872 0.011 2272 490
25 - 0.024 6643 1346
50 - 0.307 50029 7559
75 - 1.883 165442 22049
100 - 7.082 387886 47946
125 - 64.293 752769 88781
150 - 152.450 1294977 147567

Fig.1. ExperimentalResultsfor TimetablingandSeating

running timeover theinstancesof thesamesize.A “-” symbol in thetablesindicatesthatthe
correspondinginstance(someof theinstancesof thatsize,for Seating)wasnotsolvedwithin
theallowedtimeandmemory limits.

Onbothproblems,DLV * clearlyoutperforms DLV. OnTimetabling, theexecutiontime
of DLV * is oneorderof magnitude lower thanthatof DLV on all problem instances,and
DLV couldnotsolve thelastinstanceswithin theallowedmemoryandtime limits. OnSeat-
ing, the difference becomeseven moresignificant. DLV could solve only the instancesof
smallsize(up to 16persons - 4 tables,4 seats),while DLV * could solvesignificantlylarger
instancesin a reasonable time.Theinformationabouttheinstantiationsizesprovidesanex-
planationfor sucha big differencebetweentheexecutiontimesof DLV andDLV * . Thanks
to theaggregates,theDLP* encodingsaremoresuccinctthanthecorrespondingencodings
in standardDLP. This succinctnessis alsoreflectedin thegroundinstantiationsof thepro-
grams.Sincetheevaluationalgorithmsarethenexponentialin thesizeof theinstantiation(in
theworstcase),theexecution timesof DLV * turnoutto bemuchshorterthanthoseof DLV.

7 RelatedWorks

Aggregatefunctions in logic programming languagesappeared already in the 1980s, when
their needemerged in deductive databaseslike LDL [CGK + 90] andwerestudiedin detail,
cf. [RS97,KR98]. However, the first implementation in Answer Set Programming, in the
Smodelssystem,is recent[SNS02].

Comparing DLP* to the languageof Smodels,we observe a strongsimilarity between
cardinality constraintsthereand HJI=KLMON�P . Also HJYZMLQ andtheweightconstraintsof Smodels
aresimilar in spirit. Indeed, the DLP * encodings of both TeamBuilding andSeatingcan
beeasilytranslatedto Smodels’language.However, therearesomerelevant differences.For
instance,in DLP* aggregateatomscanbenegated,while cardinality andweightconstraint
literalsin Smodelscannot.

Negated aggregatesare useful for a more direct knowledgerepresentation, and allow
to express,for instance,that somevalueshouldbe external to a given range.For example,
N^KLP@� h HÈILKLMON�PË- Î 6\É �ÏÎ % ? h�� is trueif thenumberof truefactsfor É is in

� �Ëe � �   	 ��em¡ �
;

for expressingthesamepropertyin Smodelsoneneeds to usetwo cardinality constraints.
Smodels, on the otherhand, allows for weight constraints in the headsof rules,while

DLP* aggregatescannot occurin heads.(Thepresenceof weightconstraints in headsis a



powerful KR feature,whichallows,for instance,to “guess”anarbitrary subsetof agiven set;
however, it causesthelossof somesemanticpropertyof nonmonotonic languages[MR02].)

DLP* aggregateslike H	Q�R�N , H	Q$UXW , and H[PVR\QV]ËY donothaveacounterpartin Smodels.
Moreover, DLP* providesa general framework wherefurtheraggregatescanbeeasilyac-
commodated(e.g., HùULN�¢ and HqU�£7¤ arealreadyunder development). Furthermore,notethat
symbolic setsof DLP* directly representpure (mathematical)sets,andcanalsorepresent
multisetsrather naturally (seethediscussiononTeamBuilding in Section3).Smodelsweight
constraints, on theotherhand, work on multisets,andadditional rulesareneededto encode
puresets;for instance,Condition É � of TeamBuilding cannot bedirectly encodedin a con-
straint,but needsthedefinitionof anextrapredicate.Thanks to strictersafetyconditions (all
variablesareto berestrictedby domainpredicates), like DLP * , Smodelsis ableto dealwith
recursion throughaggregateseventhough its instantiatoris lesssophisticated.

Finally, notethatDLP* dealswith setsof terms,while Smodelsdealswith setsof atoms.
As far asthe implementationis concerned,Smodels, too, is endowed with advancedprun-
ing operators for weight constraints, which areefficiently implemented.We arenot aware,
though, of techniquesfor theautomatic recognition of duplicatesetsin Smodels.

DLP* alsoseemsto be very similar to a specialcaseof the semanticsfor aggregates
discussedin [Gel02], whichwearecurrently investigating.

Another interestingresearchline uses4-valuedlogicsandapproximatingoperators to de-
fine thesemanticsof aggregatefunctions in logic-basedlanguages[DPB01,DMT02,Pel02].
Theseapproachesarefoundedonverysolid theoreticalgrounds,andappearverypromising,
asthey couldprovide a cleanformalization of a very general framework for arbitrary aggre-
gatesin logic programming andnonmonotonic reasoning, whereaggregateatomscanalso
“produce” new values(currently, bothDLP * andSmodels require theguards of aggregates
to bebound to somevalue). Theseapproachessometimes amount to a highercomputational
complexity [Pel02] andhavenotbeenimplementedsofar. However, onthecommon fragment
we believe our language andsemanticsto bein syncwith thosedefinedin [Pel02].

8 Conclusion

We have proposedDLP* , an extension of DLP by aggregatefunctions,andhave imple-
mentedit in the DLV system.On the onehand, we have demonstratedthat the aggregate
functions increasethe knowledge modeling power of DLP, supporting a morenatural and
conciseknowledge representation.On the otherhand,we have shown that aggregatefunc-
tions do not increasethe complexity of the main reasoning tasks.Moreover, experiments
have confirmed that the succinctnessof the encodingsemploying aggregateshasa strong
positive impacton theefficiency of thecomputation.

Futurework will concern theintroduction of further aggregateoperators like HùULN7¢ (“Is
thereany matchingelementin theset?”)and HùU:£7¤ , aswell asthedesignof furtheroptimiza-
tion techniquesandheuristicsto improve theefficiency of thecomputation.
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